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tions in the potential energy of an a-particle as it 
moves from one point to another, and these increase 
without limit as ciB) becomes large. 

Further Development 
There are several questions which arise in connection 

with the results of this paper. First of all, if the a-
and 0-species are solutes in a liquid solvent, then 
hydrodynamic interactions between diffusing particles 
(the electrophoretic effect in electrolyte conduction) 
must not be ignored. Such interactions can be fitted 
into the variational treatment, but lead, inevitably, 
to more complicated expressions for the upper bound 
on u — U0, expressions which involve four-particle 
distribution functions. We shall treat this point in a 
separate publication. 

Next, we may ask whether it is possible to bound u — 
ua from below as well as from above. Such bounds 
have been derived in related problems8 and can also 

(8) Z, Hashin and S. Sh t r i kman , J. Apfl. Phys., SS, 3125 (1962); J. L. 
Jackson and S. R. Coriell, J. Chem. Phys., 38, 939 (1963); D. M. Schrader 
and S. Prager , ibid., S7, 1456 (1962); S. Prager and J. O. Hirschfelder, 
ibid., 39, 3289 (1963). 

Debye and Hiickel1 computed the mutual shielding of 
Coulomb forces between the ions in solution on the as
sumption that the concentration Wji(r) of species i near 
species j is given according to the Boltzmann principle 
by the charge e\ of the former and the average potential 
\pj{r) near the latter 

«jiC) = « iexp(-e i iA J ( r ) /^ r ) (1) 

This they combined with the Poisson relations 

AVj = -(4TrZP)Pj 

= -[ArID)-Ze1n^r) (2) 

(r>a) 

oVj'(o) = -ej/D (3) 

to obtain the Poisson-Boltzmann equation 

AVj = -(4Tr/D)Znieiexp(-ei<pi/kT) (4) 

The solution of (4) with the boundary condition (3) 
yields the potential i/-j(ej, a) at the ion as a function of 
the charge ej and of the concentrations and charges of 
other ions, and the electrostatic contributions to the 
free energy can be computed as the work involved in 
an idealized charging process. 

On general principles, such idealization is quite legiti
mate, and if the potentials described were known ac-

(1) P. Debye and E. Hiickel, Physik. Z., 24, 185 (1923). 

be obtained here. Once again, however, the calcula
tions turn out to involve four-particle distribution 
functions or worse. Moreover, when the interparticle 
potentials can become infinite, which is all too likely 
in view of the short range repulsive forces that are usu
ally present, the lower bound on u simply vanishes, 
leaving us with a rather trivial result. 

Finally, it is evident that the variational approach 
is not restricted to the interdiffusion problem of the 
present paper. For example, a similar treatment can 
be developed for the viscosity of solutions in which 
the solute particles interact with one another.9 A 
rather different type of situation involving the Brownian 
movement of interacting particles is offered by a dif
fusion-controlled reaction; here it is possible to ob
tain bounds on the reaction rate, and some work along 
these lines has been published.10 
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(9) S. Prager , Physica, 29, 129 (1963). 
(10) S. Prager , Chem. Eng. Set., 18, 227 (1963). 

curately, one should obtain the same result whether the 
ions are charged one at a time2 or together in propor
tion.3 However, these two methods yield somewhat 
different results when applied to the solutions of the 
Poisson-Boltzmann equation. Consistent results are 
obtained when the linear approximation 

nji(r) « «,(1 - (ertj/kT)) (5) 

is substituted for the Boltzmann formula, whence 

AV = *V (6) 

- " (£) ?-* 
Discrepancies appear as soon as any additional terms 

are retained in the power series of the exponential func
tion in eq. 1 

AVj - «Vj = - < < W 2 £ r ) ^ 2 + 0(*j ' ) (7) 

T)2 = Swie,3 / Xnie-,2 

for electrolytes of unsymmetrical valence type, and 

AVj - «Vj = ( » 2 / 6 ( * r ) ' W + OW) (8) 

for binary electrolytes or mixtures of any symmetric 
type. 

(2) H. Mueller , ibid., 28, 324 (1927); 29, 78 (1928). 
(3) T. R. Gronwall , K. Sandved, and V. K. La Mer, ibid., 29, 358 (1928). 
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The lowest order correction term to the Poisson-Boltzmann equation for unsymmetrical electrolytes is com
puted ; the logical symmetry of the distribution functions obviates any need to consider greater sets than pairs 
of ions for this purpose. The dominant part of the correction is proportional to the first power of the concen
tration, with a coefficient which depends only on the Coulomb interaction. The effect may be interpreted as 
a scale-dependent activity correction to the effective ionic strength. 
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These discrepancies are related to the fact tha t eq. 1 
yields results inconsistent with the logical requirement 

»j«jiO) = »i»i jW 

for the solutions of eq. 7 whenever the e-} ± e\, and for 
the solutions of eq. 8 whenever ef ± e?. Accordingly, 
the superposition principle assumed in eq. 1 cannot be 
exact.4 

A deeper analysis is needed to estimate the correc
tions. The problem is none too attractive because it 
requires a series of increasing efforts to produce refine
ments of decreasing importance, and as soon as terms 
proportional to the first power of the concentration are 
reached, the result depends in any case on the specific 
short range forces between pairs of ions. Moreover, it 
is practically certain that for binary electrolytes the 
corrections to eq. 1 will not modify the interpretation of 
the coefficient B in an expansion of the form 

H = no + kT log c — Ac1''1 + 

Bc + 0(c/% log c) (9) 

in terms of short range forces, which involves essentially 
integrals of the form 

-B*/kT = iwf(e-w/kT - l)r*dr (10) 

where w denotes the potential of the (average) forces 
between two ions, and proper cut-off procedures can be 
determined from the solutions of eq. 4. 

We shall see presently that a different situation pre
vails for unsymmetrical electrolytes. The pertinent 
correction to eq. 1 corresponds to the leading term in 
the righ member of eq. 7, and it contributes to the co
efficient Bx in the asymptotic formula 

H = /X0 + kT log c — Ach + 

( - S 0 log c + B1)C + <p(ch log c) (11) 

valid for unsymmetrical electrolytes. 
For this purpose we shall use a scheme of approxima

tion which was suggested and described in some detail 
many years ago,4'5 a few years after the first system for 
the computation of short range effects by way of cluster 
expansion had been developed.6 

For simplicity we assume short range forces of 
the "hard sphere" type and equal sizes for all ions, not 
that this assumption affects the result to the desired 
order. 

We next assume that the distribution functions for 
pairs, triples, etc., of ions as well as the potentials 
near finite sets of ions in specific configurations can be 
developed in power series of the charges. 

Thus, we describe the distribution functions as fol
lows 

/3 i(ri, r2) = njWji(|r2 - ri|) = «i«ij(|ri - r2|) = 

WjWi{Foo(r2 - ri) + (gj + ei)F0i(r2 - T1) + 

CjCiF11(Ir2 - ri|) + (e-fc + Cjc,*)Fi,(|r, - n|) + . . } 

(12) 

and /jikfo, Ti, ri), etc., in similar fashion by more elabo
rate series. By the approximations 

(4) L. Onsager, Chem. Rev., 18, 73 (1933). 
(5) L. Onsager and R. M. Fuoss, / . Phys. Chem., 36, 2689 (1932). 
(6) H. D. Ursell, Proc. Cambridge Phil. Soc, 33, 685 (1927). 

F00(O = 0 (r<a) 

F00 (r) = 1 (r> a) 

Foi(r) = 0 (18) 

we disregard complications which arise from cluster 
sums of order three or higher; the error so incurred is 
negligible for the purpose in hand. Thus, eq. 12 takes 
the simpler form 

/ji(ri, r2) = MjMi{ 1 + ^ F n ( I r 2 - r,|) + (efa + 

ejei2)F12(|r2 - rj) + . . } (|r2 - n | > a) (14) 

For the potential at a point r somewhere in the vicinity 
of ions j , i situated at ri and r2 we assume similarly 

lAji(ri, r2, r) = e ^ j r - r,|) + e ;*i(|r - r2j) + 

^ 2 ( I r - rxi) + C1
2^2(Ir - r2|) + ^ n t r , , r2, r) 

(15) 

At this point the Boltzmann equation is replaced by 
the substantially exact relation4 

-kT d log fJi(J1, r2)/dfii = 

lim (^-,(n, r», r2 + r) - fc ( r ) ) (16) 
(r - 0) 

A comparison of coefficients yields the symmetry rela
tion 

2¥ii(ri, r2, r2) = *2(r2 , T1) (17) 

so tha t we obtain a closed set of equations for ^ 1 and 
^ 2 when we combine eq. 16 with the Poisson relation 
described by eq. 2 and discard higher powers beyond 
SlV and ^2 , as follows 

(A2 - K1)^, = K 2 ^ 2 (18a) 

(A2 - K 2 )* 2 = -(TnZkT)W1
2 (18b) 

* ! > ) = - 1 / V . D / *2(a) = 0 (18c) 

The well-known first approximation1 

* ! = (1/Z)(I + Ka))e'{a ~ r\/r (19) 

is obtained by disregarding the right member of (18a). 
This inserted in (18b) yields the result first obtained by 
La Mer and Mason7 

6— (E{KT) - E(Ka) - (~^\e2'aE(3Ka))\ (20) 
r \ (1 + KO) j) 

where E(x) = I e~'dt/t 

The solution of (18a) with the result (20) substituted 
for ^ 2 yields a correction to the first approximation (19) 
as follows 

* i t o - e*(a ~ r)/Dr(l + Ka) = 

-(•qx\i'AD2kT)e2"a(l + Ka)^2 X 

|0(r) + Ce'" + Be-"(r)}. (21a) 

(7) V. K. La Mer and C. F. Mason , J. Am. Chem. Soc, 49, 410 (1927). 
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where 

r<t>(r) = ( 4 A K (1 + Kr)e~"E[Kr) -

(1 - Kr)e"E{2,Kr) (21b) 

C = -KE(Ka) + K(1 - Kd)(I + 

Ka)-^E(ZKa) (21c) 

(1 + KaYBe0 = - ( 2 A ) ( I + «0(2 + *a) + (1 + 

KdYE(Kd) - (1 - /<2a2 + 2K3a3)e2K"E(SKd) (2Id) 

We shall be content with the approximate solutions 
described by eq. 20 and 21, because the system (18) is 
itself hardly accurate enough to justify further refine
ment. The corresponding electrostatic corrections to 
the thermodynamic potentials of the ions are accord
ingly 

AMj = f '\(*i(a) - (1/ZJo)), + ^(aW)dr, 
J-n = 0 

= (Vi)(*i(a) - (VDa)W + (Vi)*.(a)ej» (22) 

where according to eq. 20 and 21 

tf2(o) = (K2
m/D2kT)e3K"(l + Ka)-sE(3Ka) (23) 

as first found by La Mer and Mason, and 

^1(O) - (1/Da) = -(K/2DkT)(l + Kd)-1 + 

(*V/12£>2fer)[(l + Ka)-3 -

Kd(I + Kd)-<e3*aE(3Ka)] (24) 

The terms proportional to r/i2 represent corrections to 
the Poisson-Boltzmann equation, which would actually 
contribute other terms of comparable to K3E(3KO) 
when treated more accurately. We note that the term 
of order K2 has a fairly small coefficient, which is inde
pendent of the parameter a. Moreover, its effect differs 
trivially from that of replacing /c2 in the original Debye-
Hiickel formula bv 

K\\ + (KVY/3DkT)) (25) 

This means simply that the opportunities for correla
tion among the ions are slightly enhanced by the immer
sion of a charge, provided that the resultant polarization 
tends to distribute the ionic strength unevenly. In a 
symmetrical electrolyte there is no first-order effect of 
this sort, and the correction vanishes. 

I t seems likely that further corrections to SPi, corre
sponding by reciprocity to ^ , etc., will represent reduc
tions of the effective ionic strength. As was recognized 
by Bjerrum, pairs of ions close together will not contri
bute much to the shielding of electrostatic forces. 
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A previous4 approximate integration of the Poisson-Boltzmann equation leads to a chemical potential which 
contains two major terms at low but nonzero concentrations. The first is the classical square root term due to 
long range electrostatic forces, and the second (linear in concentration) is due to short range interactions. It 
is shown that the net chemical potential is substantially independent of the distance chosen for the transition 
from the short to the long range approximation of the electrostatic potential. Also, it is shown that the deviations 
from the limiting law which derive from the Poisson-Boltzmann equation are in the opposite direction from 
those observed in real electrolytic solutions. The calculated activity coefficient for an idealized dilute elec
trolyte, defined as one whose properties are described by the Poisson-Boltzmann equation, is the product of 
two terms: the Debye-Hiickel activity coefficient for point charge electrolytes times the fraction of ions which 
contribute to long range interaction (the "free" ions in the Bjerrum sense). 

Debye's fundamental contribution to the theory of 
electrolytes was the introduction of the space charge 
model, which permitted statement of the mathematical 
problems in the form of differential equations. For 
the thermodynamic properties, a solution of the 
Poisson-Boltzmann equation was required; an ap
proximate solution, valid at low concentrations, was 
obtained through the familiar series expansion of the 
Boltzmann factor. The classical limiting law (pro
portionality between logarithm of activity coefficient 
and square root of ionic strength) followed immedi
ately. Most subsequent treatments have been em
pirical and/or theoretical at tempts to increase the con-

(1) This paper is based on part of a thesis submitted by James F. Skinner 
to the Graduate School of Yale University in June, 1964, in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 

(2) Sterling Research Fellow, 1963-1964. 
(3) Grateful acknowledgment is made to the donors of the Petroleum Re

search Fund, administered by the American Chemical Society, for support 
of this work. 

(4) R. M. Fuoss and L. Onsager, Proc. Natl. Acad. Sci. U. S., Vt, 818 
(1961). 

centration range of the calculated activity functions. 
Here we shall discuss a solution so dilute tha t only 
long range interactions and pairwise ionic contacts 
need be considered; this is an idealized model which 
will show the magnitude and direction of those devia
tions from the limiting law which are inherent in the 
nonlinearity of the Poisson-Boltzmann equation. 
I t is a fictitious system of charged spheres in a contin
uum, whose properties are described by the differential 
equation; of interest is how its properties differ from 
those of a real electrolytic solution. I t is agreed that 
the limiting behavior at extremely low concentrations 
is the same for both. It will be found that the ideal 
and rea l ' systems diverge from the limiting tangent 
in opposite directions. 

Another approximate integration of the Poisson-
Boltzmann equation 

A ^ = (Kh/Dp) sinh (ttj/kT) (1) 

was recently4 made in which special attention was 


